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1. Introduction
All rings are commutative with identity (= 0) and a multiplicatively closed subset in a
ring means a multiplicative monoid. All the standard notations and definitions are as in [2].
Let us recollect the following well-known result: If a is an ideal in a ring R and S is a
multiplicatively closed subset of R such that S ∩ a = ∅, then there exists a prime ideal ℘
of R such that ℘ ⊇ a and ℘ ∩ S = ∅.
Let I be a partially ordered set and R be a ring. Let {(ai , Si)}i∈I be a collection of pairs
where ai is an ideal and Si is a multiplicatively closed subset in R such that ai ∩ Si = ∅.
Bergman [2] has done a very close analysis of the problem:
Under what conditions there exist ℘i ∈ SpecR, for all i ∈ I , such that ℘i ⊇ ai ,
℘i ∩ Si = ∅ satisfying ℘i ⊆ ℘j whenever i  j for i, j ∈ I .
Some of these results are used to prove the well-known result that for any two K-algebras
A and B over a field K , dimA + dimB  dim(A ⊗K B). In this note we generalize [2,
Lemma 6(iii)] and deduce:
If A,B are two R-algebras such that A/℘ and B/q are faithfully flat R-algebras when-
ever ℘ ∈ SpecA and q ∈ SpecB , then dimA + dimB  dim(A ⊗R B).E-mail address: pksharma1944@yahoo.com.
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R-algebras A, B , dimA + dimB  dim(A ⊗R B).
2. Main results
We start with a definition from [2] which is not standard.
Definition 2.1. Let S, T be any two non-empty subsets in a ring R. Then S ÷T will denote
the set {λ ∈ R | λt ∈ S for some t ∈ T }.
Remark 2.2. If I is an ideal and S is a multiplicative monoid then I ÷ S is an ideal and
S ÷ I is a multiplicative monoid.
Lemma 2.3. Let (ai , Si), i = 1, . . . , n be a finite set of pairs where ai is an ideal and Si is
a multiplicatively closed subsets in a ring R such that ai ∩ Si = ∅. Then there exist prime
ideals q1 ⊇ q2 ⊇ · · · ⊇ qn in R such that qi ∩ Si = ∅,qi ⊇ ai for all i = 1, . . . , n if and
only if
S1 ∩
(
a1 +
((
a2 + · · · +
((
an−1 +
(
(an ÷ Sn) ÷ Sn−1
) ÷ Sn−2
) ÷ · · · ÷ S2
) = ∅.
Proof. We shall first prove the direct part. Choose a prime ideal q1 such that q1 ∩ S1 = ∅
and
q1 ⊇ a1 +
((
a2 + · · · +
((
an−1 +
(
(an ÷ Sn) ÷ Sn−1
) ÷ Sn−2
) ÷ · · · ÷ S3
) ÷ S2.
Then q1 ⊇ a1 and
q1 ⊇
((
a2 + · · · +
((
an−1 +
(
(an ÷ Sn) ÷ Sn−1
) ÷ Sn−2
) ÷ · · · ) ÷ S3
) ÷ S2.
Therefore
(R − q1)S2 ∩ a2 +
((
a3 + · · · +
((
an−1 +
(
(an ÷ Sn) ÷ Sn−1
) ÷ Sn−2
) ÷ · · · ) ÷ S3
)
= ∅.
Now, choose a prime ideal q2 of R such that (R − q1)S2 ∩ q2 = ∅ and
q2 ⊇ a2 +
((
a3 + · · · +
((
an−1 +
(
(an ÷ Sn) ÷ Sn−1
) ÷ Sn−2
) ÷ · · · ) ÷ S3
)
.
Then we have q2 ⊆ q1,q2 ∩ S2 = ∅ and
q2 ⊇ a2 +
((
a3 + · · · +
((
an−1 +
(
(an ÷ Sn) ÷ Sn−1
) ÷ Sn−2
) ÷ · · · ) ÷ S3
)
.Consequently
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(
a3 +
((
a4 + · · · +
((
an−1 +
(
(an ÷ Sn) ÷ Sn−1
) ÷ Sn−2
) ÷ · · · ) ÷ S4
))
= ∅.
Continuing as above we get prime ideals q1 ⊇ q2 ⊇ · · · ⊇ qn−1, where ai ⊆ qi , qi ∩Si = ∅
for all i = 1,2, . . . , n − 1 and (R − qn−1)Sn ∩ an = ∅. Thus we can choose a prime ideal
qn in R such that (R − qn−1)Sn ∩ qn = ∅ and qn ⊇ an. Then qn ⊆ qn−1, qn ∩ Sn = ∅ and
qn ⊇ an. This proves the direct part of the statement. Conversely, let
q1 ⊇ q2 ⊇ · · · ⊇ qn
be a chain of prime ideals in R such that qi ⊇ ai and qi ∩Si = ∅ for all i  1. As qn∩Sn =∅, we have
(an ÷ Sn) ⊆ qn ⇒ an−1 + (an ÷ Sn) ⊆ qn−1.
Now, as qn−1 ∩ Sn−1 = ∅, we get
(
an−1 + (an ÷ Sn)
) ÷ Sn−1 ⊆ qn−1
⇒ an−2 +
((
an−1 + (an ÷ Sn)
) ÷ Sn−1
) ⊆ qn−2.
Continuing as above, we obtain
a1 +
(
a2 + · · · + an−2 +
((
an−1 + (an ÷ Sn)
) ÷ Sn−1
) ÷ · · · ÷ S2
) ⊆ q1.
Hence
S1 ∩
(
a1 +
((
a2 + · · · + an−2 +
((
an−1 + (an ÷ Sn)
) ÷ Sn−1
) ÷ · · · ÷ S2
) = ∅.
Thus the result follows. 
Lemma 2.4. Let A,B be two R-algebras over a ring R. Let
℘0 ⊂ ℘1 ⊂ · · · ⊂ ℘n and q0 ⊂ q1 ⊂ · · · ⊂ qm
be strict chains of prime ideals in A and B , respectively. Assume A/℘i ⊗R B/qj = 0 for
all i, j and for a¯(= 0) ∈ A/℘i and b¯(= 0) ∈ B/qj , a¯ ⊗ b¯ ∈ A/℘i ⊗R B/qj is a non-zero-
divisor. Then there exists a strict chain of m + n + 1 prime ideals in A ⊗R B .
Proof. Put aij = ℘i ⊗ B + A ⊗ qj , and Sij = (A − ℘i) ⊗ (B − qj ) for all 0 i  n and
0 j m. Clearly aij is an ideal and Sij is a multiplicatively closed subset of A ⊗R B .
As A/℘i ⊗R B/qj is isomorphic to (A ⊗R B)/aij ,a00 ⊆ a01 ⊆ a02 ⊆ · · · ⊆ a0m ⊆ a1m ⊆ · · · ⊆ anm
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follows from Lemma 2.3 that there exist prime ideals ℘ij ⊇ aij such that ℘ij ∩ Sij = ∅ for
each i, j and
℘00 ⊆ ℘01 ⊆ · · · ⊆ ℘0m ⊆ ℘1m ⊆ · · · ⊆ ℘nm.
As ℘i ⊂ ℘i+1, choose t ∈ ℘i+1, t /∈ ℘i . Then for any s ∈ B − qj , t ⊗ s ∈ Sij . Hence
t ⊗ s /∈ ℘ij , but clearly t ⊗ s ∈ ai+1j ⊆ ℘i+1j . Therefore it is clear that the above chain of
prime ideals ℘ij is strict and hence the result. 
Theorem 2.5. Let R be a ring and A,B be two R-algebras. Assume that for any two prime
ideals ℘ and q in A and B , respectively, A/℘ and B/q are faithfully flat R-algebras. Then
dimA + dimB  dim(A ⊗R B).
Proof. The proof is immediate from the Lemma 2.4. 
Corollary 2.6. Let R be a quasi-local ring of dimension zero. Then for any two R-algebras
A and B , dimA + dimB  dim(A ⊗R B).
Proof. Let m be the maximal ideal of R. By assumption m is nil-radical of R. Thus for
any ℘ ∈ SpecA, q ∈ SpecB , A/℘ and B/q are R/m-algebras. Hence by the theorem
dimA/℘ + dimB/q dim(A/℘ ⊗R/m B/q)
⇒ dimA/℘ + dimB/q dim(A/℘ ⊗R B/q)
⇒ dimA/℘ + dimB/q dim(A ⊗R B)
⇒ dimA + dimB  dim(A ⊗R B).
Thus the result is proved. 
Corollary 2.7. Let K be a field of characteristic p > 0, and π , a finite abelian p-group.
Then for any two K[π]-algebras A and B , dimA + dimB  dim(A ⊗K[π] B).
Proof. The ring K[π] is local of dimension zero. Hence the result follows from the Corol-
lary 2.6. 
At the end, we prove the following interesting fact which throws some light on Theo-
rem 2.5 vis-à-vis the same result for R a field.
Lemma 2.8. Let A be a faithfully flat R-algebra over a ring R. Then R is a field if and
only if A/℘ is faithfully flat R-algebra for all prime ideals ℘ in A.
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the natural map SpecA → SpecR is onto. Thus if q is a prime ideal in R, there exists a
prime ideal ℘ in A such that ℘ ∩ R = q. Now, consider the exact sequence
0 → q i↪→ R η→ R/q → 0
of R-modules where i is inclusion map and η is natural homomorphism. As A/℘ is R-flat
the sequence of R-modules
0 → A/℘ ⊗R q Id⊗ i−−−−→ A/℘ ⊗R R Id⊗η−−−−→ A/℘ ⊗R R/q → 0
is exact. Since ℘ ∩ R = q , Id ⊗ η is an isomorphism. Thus A/℘ ⊗R q = 0. Now as A/℘
is faithfully flat over R,q = 0. Consequently R is a field. 
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